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SUMMARIES 
The principal result of Cayley's famous memoir 
on matrices of 1858 is his contribution to what is 
now known as 'the Cayley-Hamilton theorem'. We 
discuss this theorem and show that prior to its 
publication Cayley was aware of a more general 
theorem, a result that he left unpublished. This 
theorem is associated with the binary algebraic 
form det (VP - XQ) analogous to the standard 
characteristic polynomial det (A - XI). 
Le principal r&ultat du celkbre memoire de 
Cayley sur les matrices publie en 1858 constitue 
la contribution de ce dernier a ce qu'on appelle 
aujourd'hui le th6orsme de Cayley-Hamilton. Nous 
discutons ici ce th&or&me et montrons qu'avant sa 
publication, Cayley avait conscience de l'existence 
d'un th&orsme plus g&&al, r&ultat qu'il ne publia 
pas. Ce thgorsme est associe 2 la for-me algebrique 
binaire det (VP - AQ) semblable au polyni3me 
caract&istique usuel det (A - XI). 
The Cayley-Hamilton theorem (that a square matrix satisfies 
its own characteristic polynomial equation) is one of the best 
known results in linear algebra. References to its history 
[Feldmann 1962; MacDuffee 19461 show it to have received 
considerable attention both in this and the last century. The 
influential textbook by BGcher which appeared early in this 
century refers to it as "one of the most fundamental theorems in 
the whole theory of matrices" [B&her 1907, 2961, and subsequent 
textbooks have given it equal prominence. 
It is now well-known that Hamilton's name is linked with the 
theorem because he established a special case of it within the 
theory of quaternions. This appeared in his Lectures on 
Quaternions [1853], but he remarks that he perceived the existence 
of a symbolic cubic equation as early as 1846 [Hamilton 18621. 
It was, I believe, Cayley's collaborator J. J. Sylvester who 
drew attention to Hamilton's contribution by referring to the 
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theorem as the "no-little-marvellous Hamilton-Cayley theorem" 
[Sylvester 18841. As this short expository paper (which 
Sylvester regarded as a poetic rendering of a mathematician's 
creative mental states) is very little-known, we mention in 
passing that it recounts Sylvester's thoughts (while on board 
the Dover-Calais ferry!) regarding the solution in matrices of 
polynomial equations with matrix coefficients. 
During the latter part of the nineteenth century the Cayley- 
Hamilton theorem was invariably attributed to Cayley and referred 
to as Cayley's 'Identical Equation' because of its inclusion in 
his memoir on matrices [Cayley 1858a, 241. In that paper, 
subsequently referred to as the '1858 memoir', Cayley states the 
theorem for a square matrix of any order but only demonstrates 
it for matrices of order two (or 'binary matrices', as they 
were then called). He adds that he has privately verified it 
in the case of matrices of order three, while a formal proof 
for a matrix of any order he declares to be unnecessary. This 
is in keeping with Cayley's attitude to mathematical proofs-- 
once he had convinced himself of the truth of a general state- 
ment by establishing it in the simplest cases he was content to 
merely state the general result and move on to other matters 
for investigation. 
The letter given below indicates that Cayley as a 'mathema- 
tical prospector' did not always fully examine his findings in 
the speculative process. Dated 19th November 1857, the letter 
contains Cayley's correct conjecture of a generalised (as opposed 
to the 'standard') Cayley-Hamilton theorem; but it did not 
appear in the 1858 memoir, which was received for publication 
only three weeks after the letter was written. There is, as far 
as I know, no reference to a generalised theorem in Cayley's 
Collected Papers, and the surviving letters of the period 1857- 
1858 written from Sylvester to Cayley which I have so far seen, 
make no reference to Cayley's work on matrices. 111 
Below we give the complete text of the letter, making only 
minor amendments to the original: where Cayley unintentionally 
changes d to 6 we have used d throughout for notational 
consistency, and in the expression for the penultimate determinant 
we have changed the element Qd - QS to the intended Qd - Pb. 
Cayley's underlining of certain words has been retained. The 
form of brackets used to contain the elements of a matrix is 
that used by Cayley in his early papers on matrices, and appears 
to represent an extension of the round brackets of the notation 
(a, b, c, . ..). The interpretation of the first determinant is 
discussed in the last part of the paper. 
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Dear Sylvester, 
I have just obtained a theorem which appears 
to me very remarkable. You know what the composition 
of matrices means e.g. if 
Suppose now that M is any matrix 
and form the determinant 
I say this will be equal to the matrix 
0, 0 
f 1 0, 0 
viz. expanding the determinant is 
(ad - bc) Ma - (a + d) d + M2. 
M" stands for 
and this is 
I 
ad - bc, 0 (a + d)a, (a + d)b 
0 , ad ? -f - bc (a + d)c, (a + d)d 
I 
a2 + bc , b(d + a) 
+ 
cfd + a), dz + bc ‘r 
viz for 
f 
(ad - bc) - (a + d)a + a 2 + bc, 0 - (a + d)b + b(d + a) 
0 - (a + d)c + (a + d)c, ad - bc - (a + d)d + d2 + be 
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which is identically 
And so for matrices of any order whatever. A more 
general theorem is if P, Q are any two convertible 
matrices 
p=\-J *=I: fj 
then the determ[inan]t 
I Qa - Pci, Qb - PB !?c - Py, Qd - P6 I 
is equal to the matrix 
I believe the theorem might be extended to inconvertible 
matrices by modifying the def[inition] of a determ[inan]t 
viz 
a, b 
I I 
= 1/2(ad + da - bc - cd) 
c, d 
but I am not at all sure as to this. 
Believe me yours sincerely 
A. Cayley. 
19th Nov. 1857 
Although Cayley carefully outlines the multiplication and 
the addition of matrices, in the course of his proof he allows 
himself to add 'single quantities' (scalars) to matrices. An 
explanation for this pragmatic operation is given in the 1858 
memoir (Art. 21), where he describes the matrix associated wit1 
the determinant 
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There he says: "the matrix of the determinant is 
that is, it is the original matrix M, diminished by the same 
matrix considered as a single quantity involving the matrix 
unity." 
The idea of a "single quantity involving the matrix unity" 
is discussed earlier in the 1858 memoir (Art. 10) in connection 
with the multiplication of a matrix by a scalar. Following 
Cayley's argument using binary matrices (he uses third-order 
matrices but the principle is the same) he writes, as we would 
to-day, 
But he then replaces the left hand identity matrix by unity to 
obtain 
m, 0 
m= 
\ 1 
. 
0, m 
The matrix on the right hand side of the equality he calls the 
single quantity m considered as involving the matrix unity. 
This equality between scalar and matrix later enables him to 
consider (Art. 22) a matrix from two differing points of view. 
In his own words: "let the matrix M, considered as a single 
quantity, be represented by M, then writing 1 to denote the 
matrix unity, ~.1 will represent the matrix M, considered as 
a single quantity involving the matrix unity. Upon the like 
principles of notation, l.M will represent, or may be considered 
as representing, simply the matrix M". 
Cayley does not elaborate this symbolism further and the 
exact meaning of G by itself is unclear. The T notation appears 
to associate a matrix with a way of considering it; in pa:ticular 
& is not the determinant of M and although Cayley treats l.M 
as representing M, the symbol 1 is not stated to be unity or the 
identity matrix. However, taking binary matrices as an example 
and following Cayley's interpretive prescription quoted above, 
, the matrix M; 
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and thus 
i.M-M-1 represents\a ;M: d;Mj); 
whereby the theorem, as Cayley states it in his 1858 memoir 
(Art. 22), is 
ret. (i.M - W.1) = 0 (the matrix zero). 
Evidently the generalised theorem could have appeared in 
Cayley's memoir as 
Det. (6-P - F.Q) = 0 (the matrix zero), 
which is equivalent to the expression 
I Qa - Pa, Qb - PB QC - P-y, Qd - P6 I 
found in the letter. In modern matrix theory the generalised 
theorem could be expressed: If the n-th order matrices P, Q 
commute and a two-variable algebraic form is defined by 
f(u, A) = det(P - AQ), 
then 
f(Q, P) = 0. (the matrix zero) 
This theorem is associated with the generalised eigenvalue 
problem Px = vQx, a problem with an extensive history. It arose 
in the eighteenth century in connection with systems of 
differential equations [Hawkins 1975, 12 and 221 but it is 
unlikely that Cayley was motivated by this consideration. His 
generalisation either came directly from the notation or was 
suggested by a geometrical or algebraic problem of the time. 
To a present day mathematician the more symmetrical det(uP - AQ) 
might not automatically suggest itself as a generalisation of 
det(A - AI), but Cayley and his contemporaries would recognise 
it as a binary quantic. 
Why did Cayley not publish the generalised theorem? Firstly, 
he may simply have forgotten his letter to Sylvester; at the 
time he was writing his lengthy 1858 memoir and also preparing 
a memoir on algebraic forms [1858b], both of which were submitted 
for publication on the 10th December 1857. But allowing for 
lapse of memory, there is a difficulty in proving the generalised 
theorem which does not present itself so forcibly in the proof 
of the standard theorem. In the 1858 memoir he discusses, inter 
alia, the commutativity of two matrices, a topic fundamentally 
related to the generalised theorem. Proceeding from the 
(erroneous) supposition that any matrix which commutes with a 
given matrix M can be written as a polynomial in M, Cayley 
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establishes relations between the elements of two matrices for 
the special case of binary matrices, in order that they commute. 
According to this criterion the matrices 
'rzp+: :( 
will commute if 
a-d:b:c = a-6:B:y. 
It would have been possible using these relations (in effect, 
sufficient conditions for binary matrices to commute) and a 
mode of proof similar to the one he gave for the standard 
theorem for Cayley to have easily convinced himself of the 
truth of the generalised theorem for binary matrices. However, 
the calculations, even in this case, are tedious and purely 
formal, while for matrices of order three and higher, they are 
prohibitive. They would present a serious.computational 
difficulty even for a mathematician of Cayley's manipulative 
skill. 
Many different proofs have been given for the standard 
theorem, and one of the first given for a matrix of any order 
was by Buchheim [1884]. Arthur Buchheim (1859-1888), an Oxford 
graduate, studied under Klein at Leipzig and later taught at 
Manchester Grammar School, England [Sylvester 18881. The idea 
of his proof, as he himself says, came from quaternion theory. 
Like other symbolic algebraists of the time, he unquestioningly 
assumes the existence of inverse matrices but the method of 
proof is similar to the more rigorous proof given a few years 
later by Frobenius [1896, 6051. This proof is adopted by some 
modern texts, for example [Nering 1970, 1001 and is based on the 
comparison of matrix polynomials and the identity 
(A - hI) adj(A - AI) = det(A - AI)I. 
In fact, this proof can easily be adapted to give a direct proof 
of Cayley's generalised theorem. References to many proofs of 
the standard theorem, and commentaries on them, can be found in 
[Feldmann 19621 and [MacDuffee 19461. See also [Mitchell 19331. 
One should also mention that the generalised theorem of 
Cayley is itself a special case of a more comprehensive result 
associated with the expression 
det( F XiAi) 
i=l 
[Phillips 1919, 2671. This has been further extended [Ko and 
Lee 1940, 1541 to polynomial expressions of the type 
det ( C Xi Bj ..- Y, Aij . ..m 1, i,j...m 
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where the elements of the matrices A.. and the scalars il...m 
A i' Bj --* Ym are members of an arbitrary (commutative) ground 
field. In recent years the generalised eigenvalue problem has 
been especially studied by numerical analysts who have obtained 
efficient algorithms for determining its eigenelements. 
In the last part of his letter, Cayley attempts to establish 
a generalised theorem for non-commutative matrices by extending 
the definition of the ordinary determinant. In forming the new 
definition in the way he did, he appears to have associated the 
non-commutativity of matrices with non-commutativity in the 
underlying system of scalars. It is interesting to note that 
his speculation gives rise to an important subject for mathema- 
tical investigation--determinants over non-commutative fields 
[Artin 19571--a theory developed in modern times by J. Dieudonne. 
NOTE 
1. The initial part of the letter where Cayley communicates 
his discovery of the standard theorem to Sylvester has recently 
been quoted by Professor T. Hawkins: Another Look at Cayley 
and the Theory of Matrices, Archives Internationales d'Histoires 
des Sciences 27, 82-112 (1977). 
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